THE BRILL-NOETHER CURVE OF A STABLE 
VECTOR BUNDLE ON A GENUS TWO CURVE. 



SONIA BRIVIO AND ALESSANDRO VERRA 

Abstract. Let U r be the moduli space of rank r vector bun- 
dles with trivial determinant on a smooth curve of genus 2. The 
map 6 r :U r — > |r0|, which associates to a general bundle its theta 
divisor, is generically finite. In this paper we give a geometric 
interpretation of the generic fibre of 6 r . 



1. Introduction. 

In this note we deal with the moduli space U r of semistable vector 
bundle of rank r and degree r(g — l) over a smooth, irreducible complex 
projective curve of genus g > 2. U r is endowed with the Brill-Noether 
locus 

6 r := { [E] e U r | h°(E) > 1 } 

which is an integral Cartier divisor and it is known as the generalized 
theta divisor of U r , see |S], Moreover the tensor product defines a 
morphism 

/ : U r x Pic°(c7) -> U r 

and we can consider the pull-back f*Q r of 6 r . Let [E] e U r be the 
moduli point of the vector bundle E and let det E = M® r , it is well 
known that then 

0{E]xPU?(C){f*®r) — C ) Pic (C7)( r @J\/) 

where 

M : = {N e Pic°(C) | h°(M ® N) > 1}. 

Note that M is a line bundle of degree g — 1 and that 6m is a theta 
divisor on Pic°(C). We define 

e E ■.= f*e r ■ [E] x Pic (c) 

if the intersection is proper. In this case we will say that is the theta 
divisor of E. The construction of 0^ allows us to define a rational map 
as follows. Consider 

% := |J |r6j 

MePic9 -1 ((7) 
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it is a standard fact that % has a natural structure of projective bundle 
over Pic r k-i)(C7). So we omit its construction, we only mention that 
the corresponding projection 

p: % ->Pic r(5 - 1) (C) 

is defined as follows: p(D) = M® r iff D e \rO M \- Notice that the 
only elements of multiplicity r in |t9m| are exactly the divisors tQm®^-, 
where r\ varies in the set of the elements of order r in Pic°(C). Therefore 
the map p is well defined. In the following we will study the rational 
map 

Of : 1A T — T r 

which associates to a general [E] 6 U r the corresponding theta divisor 
Q E e %. Let 

det : U r -> Pic r ^-^(C0 

be the determinant map, it is well known that T r is the projectiviza- 
tion of det* Ou r (Q r )* and that 9 r is the induced tautological map. In 
particular it follows that p ■ 9 r = det. 
We will say that 9 r is the theta map. 

Too many questions are still unsettled about the theta map, excepted 
for the case r < 2: see e.g. jl] for a general survey. This situation is 
probably related to the fact that the next basic question is still mostly 
unsolved. 

QUESTION Is 6 r generically finite onto its image? 

Actually the main difficulty here is that 9 r is not a morphism in most 
of the cases [TH]. Thus, in spite of the ampleness of r , it is not a priori 
granted that 8 r is generically finite onto its image. 
In this paper we give a natural geometric interpretation of the fibres of 
the map 9 r for a curve C of genus two. A very special feature of this 
case is that 

dim U r = dim % = r 2 + 1, 

so the generic finiteness of 9 r is even more expected. Applying our 
description of the fibres we prove the generic finiteness of 6 r . 
Such a result is not new: Beauville recently proved it using a different, 
relatively simple method, see [3]. We believe that our description has 
some interest in itself and we hope to use it for further applications, in 
particular to compute the degree of 9 r . 

Our approach relies on Brill-Noether theory for curves contained in a 
genus two Jacobian. Let D G 9 r (U r ) be a sufficiently general element, 
then D is a smooth curve of genus r 2 + 1 in Pic°(C): see section 2. 
Consider the Brill-Noether locus 

W r r2 ~\D) = {L e Pic r2 0D) | h°(L) > r} 
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and observe that its expected dimension is one, in other words the 
Brill-Noether number p(r — l,r 2 ,r 2 + 1) is one. Our main result can 
be summarized as follows: 

THEOREM Each point [E] e 8~ 1 (D) defines an irreducible compo- 
nent 

C E C W r r2 -\D) 

biregular to C . Let Z be the set of all irreducible components ofW r r 2 l (D) 
and let 

i D : e~\D) - Z 
be the map sending [E] to Ce- Then in is injective. 

The statement clearly implies that 9 r is generically finite. We define 
Ce as the Brill-Noether curve of E. Fixing appropriately a Poincare 
bundle V on D x Pic r (D) it turns out that E is the restriction of 
v^V to Ce, where v is the projection onto Pic r (D). In particular the 
family of the fibres of E is just the family of the spaces H°(L), L G Ce- 
Notice that the choice of V, hence of det E, depends on the embedding 
D C Pic°(C) and it is essentially explained in the final part of this note. 
To have a typical example of what happens, the reader can consider 
the case r = 2. In this case D is a curve of genus 5 endowed with a 
fixed point free involution which is induced by the —1 multiplication 
of Pic°(C). Since r = 2 the Brill-Noether locus W^(D) is exactly 
the singular locus of the theta divisor of Pic 4 (.D). It follows from the 
theory of Prym varieties that W\(D) is the union of two irreducible 
curves: one of them has genus 4, the other one is just a copy of C,(see 
also [I7j). This is the Brill-Noether curve of a stable rank two vector 
bundle E such that 02([E}) = D. In higher rank the general theory 
of Prym-Tjurin varieties can certainly provide further information on 
W^ 1 (D) and hence on the fibres of 9 r . However, in order to get them, 
a very explicit description is needed for the Prym-Tjurin realizations 
of a genus two Jacobian. 

On Jacobians of higher genus several extensions of the above construc- 
tions are possible and perhaps deserve to be considered in the study of 
the theta maps. We hope to have underlined with this note the mul- 
tiplicity of the links between moduli of vector bundles on a curve C, 
Prym-Tjurin realizations of its Jacobian JC and Brill-Noether theory 
for curves in JC. 

We wish to thank the referee for some helpful comments. 

The second author wishes to express his gratitude to Jacob Murre, on 
the occasion of the Proceedings of the Conference in his honour, for the 
friendship and for the scientific attention received during three decades. 
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2. Notations and preliminary results. 

From now on C is a smooth, irreducible, complex projective curve 
of genus 2. Let be the 2-symmetric product of C, a point of such 
a surface is a divisor x + y with x,y G C. We consider the map 

a : C (2) -> Pic°(C) 

sending x + y G to ujc{— x — y). Of course a is the composition 
of the Abel map defined by ujc with —1 multiplication on Pic°(C). 
Therefore a = —a, where a : — > Pic°(C) is the blowing up of the 
zero point. For each fibre |tOm| of the projective bundle T r we have 
the linear isomorphism 

a* M '■ \r<S>M\ -> \a*rQ M \ 

defined by the pull-back. Let be the theta divisor of [E], we will 
keep the following notation 

D E := a*B E . 

De is an effective divisor in which is supported on the set 

{x + y G C (2) | h°(E <g> uj c (-x - y)) > 1}. 

D E is biregular to 6^ if the zero point is not in Q E , otherwise D E is 
the union of the projective line \u>c\ and of a curve birational to 0^- 
For our convenience we are more interested to D E than to Q E . 
At first we want to prove that a general D E is smooth, to do this we 
need Laszlo's singularity theorem, see [TT] : 

Theorem 2.1. T/ie multiplicity of B r at «£s stable point [E] is h°(E). 

Proposition 2.2. Let [E] be a general stable point ofU T then 

h Q (E®u) C {-x-y))<\, Vx + y G C (2) . 

Proof. By induction on r. Let r = 1 then D E = C and £7 is a general 
line bundle of degree 1, in particular \E®u>c\ is a base-point-free pencil 
and this implies the statement. Let r > 2, we can assume by induction 
that there exist general [B] G U T -\ and [A] G U\ — Pic (C) satisfying 
the statement. We consider the exact sequence 

0^ B -> E -> A^O 

defined by the vector e G Ext 1 (A, £?). Tensoring such a sequence by 
u)c{—x — y) and passing to the long exact sequence we obtain the 
coboundary map 

e x+y : H°(co c ® A (-a; - y)) -> F x (o; c ® B(-x - y)). 

Claim The statement holds for E iff e x+y has maximal rank for every 
x + y. 
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Proof: We have h Q (oo c <8> A(— x — y)) < 1 and 

h°(u c <g> B(-x - y)) = h\ujc ® B(-x - y)) < 1. 

Then the statement follows from the above mentioned long exact se- 
quence. 

Finally it is obvious that e x+y has maximal rank except possibly for 
points x + y with h°(ujc <E> A(—x — y)) — h°(ivc <S> B(— x — y)) = 1. The 
set of these points is Da flDfl. Since A is general we can assume that 
Da fl Db is finite. Let x + y G Da H Db then e x+y has not maximal 
rank iff it is the zero map. It is a standard property that, in the present 
case, the locus 

H x+y = {eeExt\A,B) | e x+y is the zero map} 

is a hyperplane. Let H := \jH x+y , x + y G Da H -Db, then a general 
e G Ext 1 (A, B) — H defines a semistable E satisfying the condition of 
the statement. Since this condition is open on U r the result follows. □ 

Corollary 2.3. Let [E] be a general stable point ofU r , then De is 
smooth. 

Proof. Let / :U r x Pic°(C) — > U r be the map defined via tensor prod- 
uct, recall that 

Q E = f*Q r . [E] x Pic°(C7) cU r x Pic°(C7). 

Therefore is the fibre of the projection q : f*Q r Ur- Then, by 
generic smoothness, a general 6^ is smooth if Q E H Sing /*0 r = 0. 
On the other hand / is smooth, with fibres biregular to Pic°(C). The 
smoothness of / implies that Sing f*Q r = f* Sing O r . Therefore, by 
Laszlo's singularity theorem and the definition of /, we have 

Sing /*e r = {([£],£) G U r x Pic°(C7) | h°(E(0) > 2}. 

But the previous proposition implies that h°(E(£)) < 1, for all £ G 
Pic°(C). Then it follows that 0^ fl Sing f*Q r = and hence a general 
G>£ is smooth. The same holds for D E . □ 

3. The tautological model P e 

Now we want to see that the above curve D E appears as the singular 
locus of some natural tautological model of FE* in P 2r_1 . 

Proposition 3.1. Let E be any semistable point ofU r then 

1) h}(uj c ®E) = and h°(u c ® E) = 2r. 

2) uic®E is globally generated unless E is not stable and Hom(_E, Oc(x)) 
is non zero for some point x G C . 

Proof. 1) By Serre duality h}{uJc®E) = h°(E*). Since E* is semistable 
of slope -1 it follows h°(E*) = 0. Then we have h {uj c ® E) = 2r by 
Riemann-Roch. 
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2) By 1) E is globally generated iff h°(uj c <g> E(—x)) = r, V x G C. 
By Serre duality this is equivalent to Hom(E , Oc(x)) = 0, V x G C. 
Notice also that Kom(E, O c (x)) ^ implies that E is not stable. This 
completes the proof. □ 

In this section we assume that [E] G U r has the following properties 
(satisfied by a general [E])\ 

- ujq <8> E is globally generated, 

- D E exists i.e. [E] is not in the indeterminacy locus of 9 r :U r ^%, 

- D E is smooth, 

To simplify our notations we put 

F := ujq <8> E and F E := FF*. 

Lemma 3.2. Let F be general and let F be defined by the standard 
exact sequence 

-> F* -> #°(F)* <g> C c -> F -> 
induced by the evaluation map. Then F is stable. In particular the map 

j \ lA r — ► lA r 

sending [cu^ 1 F] to [u^ 1 ® F] is a birational involution. 

Proof. First of all we claim that F is semistable for F general enough. 
Let F Q = L r , where L G Pic 3 (C) is globally generated, then h (F o ) = 2r 
and F Q = F Q . Up to a base change there exists an integral variety T 
and a vector bundle JF over T x C such that the family of vector 
bundles {F t :— T ® O txC , t G T} dominates U r and contains F Q . 
By semicontinuity we can assume, up to replacing T by a non empty 
open subset, that h°(F t ) = h (F o ) = 2r and F t is globally generated. 
So it is standard to construct from JF a vector bundle T on T x C 
with the following property: T ® O tx c — F t , for each t G T. Since 
T®0 oxC — L r is semistable, the same holds for a general vector bundle 
F®O t y.c- Hence the claim follows. Let F be a general stable bundle: F 
is semistable, by lemma (3.1) h°(F) = 2r, moreover since h°(F*) = 0, 
we have H°(F)* ~ H°(F) and F is globally generated. So j is defined 
at F, actually j(F) = F. This implies that j is a birational involution 
and F is stable too. □ 

Since F is globally generated the map defined by Op E (l) is a mor- 
phism 

u E : P B -> P 2 ^ 1 := FH°(F)*. 

In particular the restriction of to any fibre F E>X of P^ is a linear 
embedding 

u E , x : F E , X - P 2 - 1 . 
Definition 3.3. The image of u E , (of Wf; jX ), will be denoted P e ,(Pe,x)- 
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For any d G C^ 2 \ Fd := F ® Od can be naturally seen as a rank 
r vector bundle over d. Note that its projectivization is p*d, where 
p : P# — > C is the projection map. In particular the evaluation map 
td '■ H°(Fd) <S> Od — > Fd defines an embedding 

id : p*d -> ¥H°(F d y. 

We have FH°(Fd)* = P 2r_1 and moreover id(p*d) is the union of two 
disjoint linear spaces of dimension r — 1 if d is smooth. The next lemma 
is therefore elementary. 

Lemma 3.4. Let o G ¥H°(F d )* be a point not in i d (p*d), then there 
exists exactly one line L containing o and such that Z := i* d L is a 
0- dimensional scheme of length two. Moreover let A be the linear pro- 
jection of centre o, then Z is the unique O-dimensional scheme of length 
two on which X ■ id is not an embedding. 

The central arrow in the long exact sequence 

(1) - H°(F(-d)) - H°(F) - H°(F d ) - H\F(-d)) - 

defines a linear map 

A d : FH°{F d )* -> FH°{F)* = P 2 "" 1 , 

and from the construction clearly A^ ■ id is the map 

« E | p *d:p*c?^P 2r_1 - 

Proposition 3.5. Ue\p*cL is not an embedding if and only if d G De- 

Proof. From the previous remarks and lemma EOl it follows that UE\ p *d 
is not an embedding iff A^ is not an isomorphism. By the long exact 
sequence (0) A^ is not an isomorphism iff h°(E(—d)) > 1, that is if 
de D E - □ 

We want to use the previous results to study the singular locus of Pe- 
Let Hilb2(P_E) be the Hilbert scheme of O-dimensional schemes Z C P_b 
of length two, we simply consider its closed subset 

A = {Z G Hilb 2 (P_B) | ue\z is not an embedding}. 

Let Z G A then Z C p*d, where d := p*Z belongs to D E - So we have 
a morphism 

p* : A -> D E 

sending Z to d. 

Proposition 3.6. Let E be general then p* : A — > De is biregular. 

Proof. Let Z G A and let p^Z = d, then Z is embedded in p*d. Since 
c? G we have h°(F(—d)) = 1, see prop. 12.21 This implies that the 
linear map 

\ d : FH°(F d y -> P 2r_1 



8 



SONIA BRIVIO AND ALESSANDRO VERRA 



is the projection of centre a point o with image a hyperplane in P 2r_1 . 
Then, by lemma EOl Z is the unique element of A which is contained 
in p*d. Hence is injective. Conversely let d G D E , then • id is not 
an embedding on exactly one O-dimensional scheme Z C p*d of length 
two. Since \d ■ id = UE\ P *d, it follows that Z is in A and that p* is 
surjective. Since De is a smooth curve, p* is biregular. □ 

Proposition 3.7. Assume r > 2 and E general, then ue '■ Pe — > Pe 
is the normalization map and Sing Pe is an irreducible curve. 

Proof. Let D C P# be the image of the curve 

A = {(Z, q) G A x ¥ E | q G Supp Z} 

under the projection AxFg^ P#. The set D is the locus of points 
where ue is not an embedding: it is a proper closed set as soon as r > 2. 
Hence ue '■ Pe — > -Pe is a morphism of degree one if r > 2. Since Pe 
is smooth, ue is the normalization map if each of its fibres is finite. 
Assume u e contracts an irreducible curve B to a point o. B cannot be 
in a fibre Pe, p : otherwise D E would contain the curve {z + p, z G C} 
and would be reducible. Hence o G P\Pe,xi x E C. Let x + y G 
with x ^ y, then Pg^ U P# y is contained in a hyperplane and hence 
h°(E ® cjc(— x — ?/)) > 1. This implies De = a contradiction. 

It remains to show that SingPg is an irreducible curve: this is clear 
because Sing Pe = ue(D) □ 

4. The line bundle H e 

We will keep the generality assumptions and the notations of the 
previous section. Recall that d G D E uniquely defines a O-dimensional 
scheme Z d C p*d of length two such that ue\z a is not an embedding, 
in particular is a point. 

Definition 4.1. h E '■ D E — > P 2r_1 is t/^e morphism sending d to 
u E {Z d ), moreover 

H E := ^CV-i(l). 

Remark 4.2. i. Let F := uj c ® E and let gi, g 2 : C x C — » C be 
the projections. Note that q\F © q%F descends to a vector bundle F^ 
on CP) via the quotient map C x C — > C^. Moreover the evaluation 
H°(F) F x @ F y induces a natural map 

e : H°{F)®O c{2) -> P (2) . 

Then Dg is the degeneracy locus of e and ifg is its cokernel. This 
implies that the sheaf He can be defined for every curve De and that 
H E is a line bundle iff h°{uic <S> E(—x — y)) — 1 for each x + y G .D E . 

A very simple geometric definition of fog can be given as follows: let 
d = x + y G -De with x ^ y then 

/i e (gO = Pb^ n Pb >2/ = u E {Z d ). 
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Proposition 4.3. He '■ De — * P 2r 1 is generically injective if E is 
general and r > 2. 

Proof. Let U = {x + y G D E \ x ^ y}, assume that d±,d 2 G U and 
hE(d\) = h E (d 2 ) = o: then o G Di=i...4 P E, Xi , where £ Xj = d Y + d 2 . We 
consider the standard exact sequence 

->• F* -f F°(F)* ® £> c -> F -f 0, 

where F = cj^ <8> F. The long exact sequence identifies H°(F)* to a 
subspace of H°(F). Hence o is a 1- dimensional space generated by 
some s G H°(F). It is standard to verify that o G f] i=1 ^Pe x . iff s is 
zero on d% + d 2 — d, where d is the M.C.D. of d\, d 2 . By Lemma f3. 21 F 
is stable, hence we must have deg d > 2 that is d\ = d 2 = d. □ 

Proposition 4.4. F# /ias degree r 2 + 2r. 

Proof. Set theoretically we have h E (D E ) = Sing Pg, hence Sing 
is an irreducible curve. Let o = + be general then x ^ y and 
moreover w^(o) is supported on two closed points d and o": this follows 
because Ue is generically injective. 

Claim: T/ie tangent map duE is injective at d and o" . 

Let D(ue) be the double point scheme of ue, defined as in \% p. 166]. 

D{ue) is contained in ¥ E x P#, where 7r : ¥ E X Pg — > Pg x P s is the 

blowing up of the diagonal A. A point of D(ue) is either the inverse 
image by n of a pair (o', o") in P E x P £ — A such that Ue(o') = ue(o") or 
it is a point in 7r _1 (A) parametrizing a 1 dimensional space of tangent 
vectors to Pg on which duE is zero. In the former case we have also 
p(d) 7^ p(o") because ue is injective on each fibre of p. On the other 
hand it is clear that, in our situation, 

q-\D E ) = (p x p) ■ 7r(D(^)) 

where q : C x C — > C- 2 -* is the quotient map. Thus duE is not injective 
at most along fibres Pg i2 such that 2z G F^ cannot be the diagonal 
of because D E = 2r 2 . Hence De contains finitely many points 2z 
and we can choose the above point o = h E (x + y) so that 2x and 2y 
are not in De- This implies our claim. 

Let T be the tangent space to Pe at o and let T", T" C T be the 
images of duE at d, o". Since dw^ is injective at o',o" and u E (o) = 
{o', o"}, it follows that T' U T" spans T and that T' n T" is the tangent 
space to Sing P E at o. We have dim T' n T" > 1 because Sing Fg; is 
a curve. On the other hand Pe^ fl P ElV = o implies dim T > 2r — 1. 
Since dim T" = dim T" = r, we deduce that dim T' n T" = 1. Hence, 
as a scheme defined by the Jacobian ideal of F^, Sing P^ is reduced. 
Finally the degree of Sing P E can be obtained via double point formula, 
see jHl 9.3], as follows: 

V -V — c r _i(AV|p2r- 2 ) = 2 deg(Sing P E ) 
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where V C P 2r ~ 2 is a general hyperplane section of P E , corresponding 
to a global section a G H°(Op E (l)) ~ H°(u c <8> E), c r _i denotes the 
(r — 1)- Chern class of the normal bundle Nywar--i. Note that V = P E r, 
with E', vector bundle of rank r — 1 defined by the section a as follows: 

^ O c ^ E ® uj c ^ E' ® uj c ^ 0, 

and Op b ,(1) = 0p B (l)| P . Let if = [0 Pjs ,(l)] and / be the class of 
a fibre of F E i, then by computing the total Chern class of the normal 
bundle, we find 

tv-i^ipar-a) = rH r ~ l + fH r ~ 2 [Ar 2 - 4r] = 7r 2 - 4r. 

Finally, we have deg Sing P E = deg H E = r 2 + 2r. 

□ 

The genus of D E is r 2 + l and H E has degree r 2 +2r, hence h°(H E ) > 2r 

Proposition 4.5. For a general E the line bundle H E is non special 
that is 

h\H E ) = 2r. 

Proof. By induction on r. Let r = 1 then A := uq <8> E is a general line 
bundle of degree 3, P^ = C and u E : P# — > P 1 is the triple covering 
defined by A. Moreover D E is the family of divisors x + y which are 
contained in a fibre of tt#. It is easy to see that D E is a copy of C and 
that /i^ = u e- Then ifg = A and hence h°(H E ) = 2. 
Let r > 2 and let [-EV-i] G W r -i and P x G Pic 1 (C) be general points 
satisfying the statement, then their corresponding curves D r _i and .Di 
are smooth and transversal. Taking a general semistable extension 

(2) -> P r _i -> £ -> -> 

we have h°(E (g> co>c(— # — 1/)) < 1 for any x + ?/, (see 12 .21 and its proof). 
Observe also that D E = D\ U .D r _i and that /i£ is a morphism. The 
restrictions of h E to D\ and Z) r _i can be described as follows: 

(a) Let F := u>c ® E and let A := u>c ® E\. tensoring El by uc 
and passing to the long exact sequence, we obtain a surjective map 
H°{F) -> Its dual is a linear embedding % : PiT°(A)* -> P*" 1 . 
On the other hand we already know that /i^ is the triple cover of 
FH°(A)* defined by A. It is easy to conclude that h E \ Dl = i ■ h El . In 
particular h E (Di) is a line £ in P 2r_1 which is triple for h E (D E ). 

(b) Let B := uc ® E r -\\ tensoring (j2J) by cue and passing to the long 
exact sequence we get an injection H°(B) — > H°(F). Its dual induces 
a projection p : P 2r_1 — > FH°(B)* of centre I. It is again easy to 
conclude that p ■ h E E\ Dr _ 1 = h Er _ Y . 

It follows from the remarks in (b) that 



H E ®0 Dr _ 1 = H Er _ 1 {a), 
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where a := (h E \ Dr l )*£ = D\ • D r _\. On the other hand (a) implies 
that 

H E © Dl = H El = A. 
Finally, tensoring by He the Mayer- Vietoris exact sequence 

o -> o De -> o Dr _, © o Dl -> a -> 0, 

we obtain 

-> -> # Br -i(a) © A -> O a (g) # B -> 0. 

By induction h 1 (H Er _ 1 ) = 0, hence h 1 (HE r ^ 1 {a)) = 0. Moreover 
= 0. Passing to the long exact sequence, the vanishing of 
H 1 {He) follows if the restriction 

p : H°(H Er _M)) -> O a {a) © if^ 

is surjective. Since h 1 {HE r _ 1 ) = 0, this follows from the long exact 
sequence of 

The vanishing of h l (H E ) extends by semicontinuity to a general point 
ofW r . □ 



5. The Brill-Noether curve of E 

In the following we will set for simplicity: D := De- D is an abstract 
curve endowed with an embedding D C C^ 2 \ These data are in general 
not sufficient to reconstruct the vector bundle E. As we will see the 
additional datum of H E makes possible such a reconstruction. 

The embedding D C uniquely defines the family of divisors 

b x := C x ■ D 

where x G C and C x := {x + y \ y G C}. b x fits in the standard exact 
sequence 

-> H°(u c © E(-x)) ®O c ^u C ® E(-x) -^O bx ^0 

and its degree is 2r. The determinant of E can be reconstructed from 
the family {b x \ x G C}. Indeed let x + x' G \oJc\i then the previous 
exact sequence implies 

det E = O c (b x -rx'). 

Let t + Q E be the translate of 6^ by t G Div°(C): D E (-t) = a*(t + Q E ). 
Thus, up to replacing E by E(—t), D is transversal to C x and b x is 
smooth for a general re. Mainly we will consider b x as a divisor on 
D. Let d G D, it is clear that: d G Supp & s -<=>- d = x + y •<=>- 
/ie(gT) ^ -Pe,*- This implies that 

^ = h E *PE,x 
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for each x G C. The line bundles HE{—b x ) have degree r 2 . Since D 
has genus r 2 + 1 they define a family of points in the theta divisor of 

2 

Pic r (D). We can say more: 

Proposition 5.1. Let E be general then h°(HE{—b x )) = r, for each 
xeC. 

Proof. We know from Prop. 14.51 that h°(H E ) = 2r, we also know that 
K = h E *(P EjX ). Since the space P ElX has dimension r — 1, it follows 
h°(H E (—b x )) > r. Moreover the equality holds if the set /i£(Supp b x ) 
spans Pe,x- We prove this by induction on r. Let r = 1 then P EjX is a 
point: since He is a morphism ^(Supp b x ) = P EjX . Let r > 2, as in 
the proof of 14.51 we consider a general extension 

(3) -> £ r _! -> £ -> -> 

with [-E r _i] G W r _i and Ei G Pic 1 (C) general. We fix the same assump- 
tions and notations of the proof of 14.51 which is similar. In particular 
the curves De t _ x and D El are smooth and transversal, moreover the 
exact sequence 

-> B -> F -> A^O 

just denotes the above exact sequence (jHJ) tensored by ujq- Such a 
sequence induces a linear embedding i : Pif°(A)* — > FH°(F)*. The 
image of i is the line I considered in 14.51 and it holds the equality 
proved there: h e \ — i • u El . Then it turns out that 

f- H Pe,x = h E (C x n D El ) = one point o x 

for each x G C. On the other hand let p : — > FH°(B)* be the 
projection of centre £, then the latter exact sequence implies that 
p(P E ,x) — Pe t - 1 ,x- Moreover we also know from the proof of 14.51 that 
^-B r _i = V ■ h E . By induction P Er _ ltX is spanned by 

h Er .ACx n D Er ^) = P (h E (c x n d^-i))- 

Hence the linear span of h E (C x D D Er l ) is a space L C Pg^ of dimen- 
sion > r — 2 and such that p(L) = P Er _ 1>x . If o x G Pe |X — L then Pe,x 
is spanned by hE{C x D -D). If o x . G L then dimL = r — 1 and L = Pb,x- 
In both cases the statement follows. □ 

For each I G Pic 1 (C) we consider the curve 

B r .= {x + y G \£(z)\, zeC}. 

Bi is biregular to C unless I = Oc(x) for some x G C. In the latter 
case Bi is C x U l^cl- We define 

:= ■ 5,. 

Note that be = b x if Be = C x U\uc\- The reason is that we are assuming 
E general, then h°(E) = and hence D D jcucl — 0- 
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Lemma 5.2. The morphism b : Pic 1 (C) — > Pic 2r (.D) sending £ to be is 
an embedding. We will denote its image as Je>: 

J D :={0 D (b e ) I^GPic^C)}, 

in particular Jo contains the canonical theta divisor 

(4) C D := {0 D (b x ) | xeC}. 

Proof. Up to shifting the degrees, b is a morphism between the complex 
tori Pic°(C) and Pic°(D). Hence it is an isogeny up to translations, 
so b is an embedding if it is injective. Let £±,£2 € Pic (C) and set 
C: = Oo(be 1 —be 2 ). C is defined by the standard exact sequence: 

-> O cm {-D + B tl -B i2 )^ O cm {B h -B h )^C^0. 

D + Bf 2 — B £l is the pull-back by the Abel map a: C (2) -> Pic°(C) of a 
divisor homologous to r0, where G is a theta divisor in Pic (C). Since 
r6 is ample, it follows: h°(-D + B tl - B h ) = h\-D + B h - B h ) = 0. 
So the associated long exact sequence gives: 

h (£) = h (O c( 2 ) (B h -B h )). 

Moreover, it's easy to see that if £\ 7^ £2, then h (O C (2)(Be 1 — Bg 2 )) = 
hence be 1 and bi 2 are not linearly equivalent. □ 

As an immediate consequence of the lemma, the following map 

6 : Pic°(C7) -> Pic°(D) 

sending Oc(x — y) — » Oi>(b x — b y ) is an embedding too. 

As we already pointed out is not sufficient to reconstruct E, the 
crucial curve for doing this can be now defined: 

Definition 5.3. The Brill-Noether curve of E is the curve 

C E := {H E (-b x ), x G C}. 

Ce is a copy of C embedded in Pic r (D). Since h°(HE(—b x )) = r, each 
point of Ce is a point of multiplicity r for the theta divisor 

9 D := {L E Pic r2 (D) I h°{L) > 1}. 

In particular Ce is contained in the Brill-Noether locus 

W; 2 \D) := {L e Pic r \D) I h°{L) > r}. 

The Brill-Noether number p(r — l,r 2 ,r 2 + 1) yields the expected di- 
mension of W r z (D). We have p(r — l,r 2 ,r 2 + 1) = 1 for each r, so 
we expect that Ce is an irreducible component of W r r ^ (D), see [TJ ch. 
V]. Of course D is not a general curve of genus r 2 + 1, so the latter 
property is not a priori granted. 
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Remark 5.4. E is uniquely reconstructed from the pair (Cd,H e ) as 
follows: 

Proof. Consider the correspondence 

B = { (x, y + z) G C x D | x G {y, z) }, 

with B • (x x D) = b x . Let pi : C x D — > C and p 2 : C x D — > D be the 
projection maps, then we apply the functor p u to the exact sequence 

-> p* 2 H E (-B) -> -> <g> O b -> 0. 

This yields the exact sequence 

F -> ® O c -> PuO B ®p* 2 H E -> R l p u p* 2 H E (-B) -> 0, 

where 

F :=p u p* 2 H E (-B). 

Let F = cjc" ® F, we have the natural identities 

iC = H°(H E (-b x )) = H°(F(-x)). 

The left one is immediate. Let X be the Ideal of Pg^, then we have 
H°(H E (—b x )) = H°(X(1)) by prop. 5.1. Hence the right equality 
follows from the identity H°(T(1)) = H°(F(—x)). The above identities, 
together with H°(H E ) = H°(F), imply that 

F = H°(H E ) ® £> C /F. □ 

As an immediate consequence of the above construction we have: 

Proposition 5.5. Let [Ex], [E 2 ] be general points ofU r . Assume that: 
r ([£i]) = r {[E 2 \) = D and H El = H E2 . Then [E^ = [E 2 \. 

Remark 5.6. The previous construction also defines the vector bun- 
dles 

E: =F®LUc 1 , E: = ® {R l p Xif p* 2 H E {-B)). 
We already know from K12I that the assignment [E] — > [F] defines a 
birational involution j : U r —>■ U r . Notice also that E is semistable for 
E general: to prove this it suffices to produce one semistable E Q such 
that E Q is semistable. The existence of E a follows by induction on r: 
this is obvious for r = 1. Let r > 2 and let E a be defined by a semistable 
extension e G Ext (E±, E r -\) where [W] r _i G Ur-\ and E\ G Wi. It is 
easy to show that E is defined by some e G Ext 1 (i?i, E r -\): we leave 
the details to the reader. Hence £7 is semistable. Due to this property 
we can define a rational map 

sending [E] to [E]. In addition we have: 

Proposition 5.7. k : U r — > U r is birational, in particular its inverse 
is j ■ K-j. 



THE BRILL-NOETHER CURVE OF A STABLE VECTOR BUNDLE ON A GENUS TWO CURVE5 



Proof. Let T := Or>(b x + b^), where i : C — > C is the hyperelliptic 
involution. T does not depend on x because the family of divisors 
{b x + bi( x ), x + i(x) G \uic\} is rational. Then we define the line bundle 
of degree r 2 + 2r 

H E :=uj d ®T ® H E \ 

First, we note that ^(He) = for E general. Indeed cod ® H E l 
is H E (-b x - 6 i(x )) and hence h l (H E ) = h°(H E (-b x - 6 i(x) ) by Serre 
duality. Since h°(H E (-b x - b i{x) ) = h?{uj c ® E(-x - i{x)) = h°(E), it 

follows h}{HE) = for each [£] e U r — Q r . Secondly we note that, with 
the previous notations, Serre duality yields a natural identification 

R l p u plHE{-B) x = H\H E {-b l{x) ))\ \/x G C. 

It is then easy to deduce that 

u c ®E = R l Pl y 2 H E (-B) = p u p*H E (-B)*. 

Starting from He it is clear that one obtains He and with the same 
construction E = uj^^pup^He- Notice also that He is the line bundle 

H^ defined by the vector bundle E. This implies that k~ 1 — j ■ k ■ j 
and hence that k is birational. □ 

6. The fibres of the theta map 

We want to see that E is also uniquely reconstructed from the pair 
(D,Ce)- For this we consider more in general any smooth curve D C 
C (2) such that a*D G %: 

Definition 6.1. A Brill-Noether curve of D is a copy 

a c Pic r2 (L>) 

of C satisfying the following property: there exists H G Pic r2+2r (D) 
such that 

C' = {H(-b y ),yeC}, 

moreover H is non special and h°(H(—b x )) = r for every point x G C. 
The set of the Brill-Noether curves of D will be denoted by So- 
Let D = 6 r ([E]) then Cg is a Brill-Noether curve of D. Let r = 1 
then D = C and the canonical theta divisor of Pic 1 (C) is the unique 
Brill-Noether curve of D. 

Lemma 6.2. Let H be as in the previous definition then H is unique. 

Proof. Assume that C = {H'(—b x ),x G C} for a second H '. Then 
there exists an automorphism u : C — > C which is so defined u(x) = y 
iff H'(-b x ) = H(-by). Let 7 : C x C -> Pic°(D) be the map sending 
(x, y) to H' ' ® H _1 (b x — b y ): we will show that the image of 7 is a copy of 
Pic°(C) and that 7 : Cx C — > Pic°(C) is the difference map. To see this 
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recall that Cp = {b x , x G C} is the theta divisor of Jp, see (jJJ). The 
map 7 : C x C — >• Pic°(.D) sending (x, y) — > E (b x — factors through 
the isomorphism £ : CxC — > C^xCd, sending (x, £/) — * (b x ,b y ), and the 
difference map. Moreover, we have the following commutative diagram 

CxC ±> C D xC D 

I I 
Pic°(C) % Pic°(£>) 

where the vertical arrows are difference maps and bo : Pic°(C) — > Pic°(-D) 
sending Oc(x — y) — > Or,{b x — b y ) is an embedding, see 15.21 This im- 
plies that 7 is a difference map and 7 too. The graph of u is obviously 
contracted by 7, on the other hand the only curve contracted by the 
difference map is the diagonal of C x C. Then u is the identity and 
H{-b x ) = H'(-b x ) for each x G C. Hence H — H' . □ 

Proposition 6.3. Let [E]\,[E^ be general points in U r , assume that 
C El = C E2 and that e r {[E x \) = 9 r ([E 2 }) = D. Then [Et] = [E 2 \. 

Proof. By the previous lemma H El = H E2 and this implies [Ei] = [E 2 ] , 
bvlo31 □ 

Theorem 6.4. The theta map 8 r :U r — > T r is generically finite. 

Proof. It suffices to show that 9 r \u : U — > 9 r (U) is generically finite for 
a suitable dense open set U. Hence we can assume that D e 6 r (U) is 
a smooth curve and that the points of (6 r \uY l (D) = ^ r 7 1 (-D) PI U are 
sufficiently general in lA r . Let 

be the map sending [E] to C E - By 16.31 E is uniquely reconstructed 
from (D,C E ), hence it follows that i is injective. On the other hand 
recall that C E is contained in the Brill-Noether locus W^ 1 (D). Since 
the Brill-Noether number p(r — l,r 2 ,r 2 + 1) is one, each irreducible 
component of W r ^~ (D) has dimension > 1. This implies that 9 r \u is 
finite if C E is an irreducible component of W r % (D). This property is 
proved in the next theorem. Hence the statement follows. □ 

Lemma 6.5. Let D = 9 r ([E]) for a general [E] G U r and let a = D ■ D\ 

for a general D x G T\, then the line bundle H E (a — b x ) is non special. 

Proof. Let D x = 9^^]) C C^ with E x = O c {x), then we have: 
Di = x x C U \u c \ C C (2) . Note that a = D ■ D t = b x if E is general. 
Hence H E (a — b x ) = H E is non special. By semicontinuity, the same is 
true for a general D\. □ 

Theorem 6.6. For a general [E] G U T the Brill-Noether curve C E is 
an irreducible component ofW^ 1 (D), D = 9 r ([E]). 
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Proof. Let H := He, it is sufficient to show the injectivity of the Petri 
map 

(i : H°(H(-b x )) ® H°(lu d ® H-\b x )) -> 

for a general x G C. This implies that the tangent space to WJ a -1 (I?) 
at its point H(—b x ) is 1-dimensional, see [2 Ch. V]. We proceed by 
induction on r. Let r = 1, then D = C and = {(^(x), a; e C}. 
Hence the injectivity of p is immediate. For r > 2 we borrow once 
more the notations and the method from the proof of proposition 14.51 
So we specialize E to the semistable vector bundle defined by the exact 
sequence 

-> £ r _i ^ E ^ E 1 ^ 0. 

Then £) is the transversal union of the curves D r -\ = r _i([i£ r _i]) and 
Al = is a morphism and if is the line bundle h E Op2r-i(l). 

Let a = -D r _i • D^: from 14.51 we have D\ = C and He 1 = ujq ® Ei and 
moreover 

H ® Dr _ x = H Er _M) and H®0 Dl = H El . 

Since x is general we can assume Supp b x fl Sing D = so that Or>(b x ) 
is a line bundle. Let X be the ideal sheaf of D\ in D: at first we show 
that p| I ® W is injective, where 

I := H°{Z®H{-b x )) and W := #Vr> ® H' 1 ^)). 

Since J <g> Dr _j = 0£> r _ 1 (-a) and cup (g> C Dr _i = ^^(o), we have 
the restriction maps 

Pl : 7 - H°(H Er l (—b Xjr -i)) and p w : W - i^D^Si^ (^.r-i)) 

With fr^r-l = 6a; ■ -D r -1- 

Claim : p/ is an isomorphism and pw is surjective. 
Let's assume the claim, then p := pj £g> p^y is surjective and defines 
the exact sequence 

_> ker p -> iW -> H^HE^i-b^^m^UD^m^ib^-x)) -> 0. 

In particular it follows dim ker p = r — 1. By induction on r the Petri 
map on the tensor product at the right side is injective. Therefore 
<E> W is injective iff /i|ker p is injective. But our claim implies 
dim ker p w = 1 and ker p = I <g> (iw), where w generates ker p w . 
Hence p| ker p is injective as well as p\I <8> H 7 . 
Let V := H°(H(—b x )), now we consider the exact sequence 

0^/®H/^V®H/^ (V/I) ® W -> 0. 

The map p induces a multiplication 

1/ : (V/i) ® W -> H°(u D )/fi(I ® W). 

The injectivity of p|J (g> H 7 implies that p is injective iff v is injective. 
On the other hand, pj is an isomorphism, hence dim I = r — 1 and 
dim V// = 1. Let u G V-I then: v is injective iff t> WHp(I®W) = (0) 
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iff no w G W — (0) vanishes on Dx- This is equivalent to the injectivity 
of the restriction map 

u : H°(lu d <g> H-\b x )) -> H (uj c (a - x)); 

in fact W = H°(uj d ® H- l (b x )) and oj d ® H~ l {b x ) <g> Dl = cu c (a-x). 
To prove that u is injective consider the Mayer- Vietoris long exact 
sequence 

O^W^ #°(u;a.-i ® Hsl^K^x)) © #Vc(a - a;)) - a - . . . 

The left non zero arrow followed by the projection onto H°(uc{a — x)) 
is exactly u. This implies that ker u, via the restriction map, injects 
in H {ijjD r _ 1 <g> _ (ft^r-i — So u is injective if the latter space 
is zero that is if H 1 (PiE r _ 1 {a — fr^r-i)) = ; this has been shown in 
lemma 16.51 Hence /i is injective. Then, by semicontinuity, the same 
property is true for a general [E] G U r and the statement follows. 
To complete the proof we show the above claim. 

- Let h : D — > P 2r_1 be the map defined by H. As in 14.31 h(Di) is a line 
£ and Pe iX n£ is a point. Moreover Pg,x is spanned by h(b x ). Hence we 
have I = H°(J(1)) and dim I = r - 1, J being the ideal of P E , X U £ 
In particular is the pull-back (/i|_D r _ 1 )* restricted to a space of linear 
forms vanishing on h(Dx). Since h(D) is non degenerate pi is injective. 
Then, for dimension reasons, pi is an isomorphism. 

- As in 14. 51 the projection p : P Ex — > Pe t -^,x from Pg^ Pi £ is surjective. 
Equivalently the restriction H°(E <g>ujc(— x)) — > H°(E r ^x ®ojc{— x)) is 
surjective. So this property holds for general £7, J5 r _i. Let J5 r , £7 r _i be 
defined from £J r , i£ r _i as in Remark 15.61 Bv l5.7l thev are general. Hence 
the restriction H°(E ® tOc{— x)) — > H°(E r _x <£> ^c(— #)) is surjective: 
this map is just p^y- D 



We can summarize as follows our partial geometric description of the 
theta map: 

Theorem 6.7. Let D G % be general and smooth, then there exists a 
natural injective map %r> between the fibre of 6 r at D and the set of the 
Brill-Noether curves of D. Namely the map 

t D -.e r - 1 (D)^s D 

associates to [E] G 6~ l (D) its Brill-Noether curve Ce G So- 
Proof. Since 9 r is generically finite, each point [E] G 9^ 1 (D) is suf- 
ficiently general in U r . The injectivity then follows from corollary 
EM □ 



Remark 6.8. Each Brill-Noether curve C G Sd uniquely defines a 
vector bundle E c of rank r and degree r: to construct E c it suffices to 
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take the line bundle H appearing in the definition 16.21 of Brill-Noether 
curve. Applying to the pair (Cd,H) the reconstruction produced in re- 
mark E3] we finally obtain such a vector bundle Eq- If Eq< is semistable 
it turns out that 9 r ([E c }) = D and that i£,{\E c }) = C. In particular 
%d is bijective if each C G So defines a semistable Eq. This property 
seems very plausible for a general D, however we do not have a rigorous 
proof of it. 
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